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COHOMOLOGICAL SUPPORT LOCI OF VARIETIES OF
ALBANESE FIBER DIMENSION ONE
ZHI JIANG AND HAO SUN
Abstract. Let X be a smooth projective variety of Albanese fiber di-
mension 1 and of general type. We prove that the translates through
0 of all components of V 0(ωX) generate Pic
0(X). We then study the
pluricanonical maps of X. We show that |4KX | induces a birational
map of X.
1. Introduction
In [CH3, Theorem 1], Chen and Hacon proved that if X is of maximal
Albanese dimension and of general type, then the translates through 0 of
all irreducible components of V 0(ωX) generate Pic
0(X). This is a funda-
mental result to study pluricanonical maps of varieties of maximal Albanese
dimension (cf. [J1, Ti, JLT]). Here we provide a similar result for varieties
of general type and of Albanese fiber dimension one:
Theorem 1.1. Let X be a smooth projective variety of dimension ≥ 2,
of Albanese fiber dimension one and of general type. Then the translates
through 0 of all irreducible components of V 0(ωX) generate Pic
0(X).
We notice that this kind of result applies only for varieties of Albanese
fiber dimension ≤ 1. Indeed, we take X = Y × Z, where Y is a variety of
maximal Albanese dimension and of general type and Z is a variety of general
type of dimension l ≥ 2 with pg(Z) = q(Z) = 0. Then X is of Albanese
fiber dimension l but V 0(ωX) is empty. As an application of Theorem 1.1,
we give an improvement of a result of Chen and Hacon [CH4, Corollary 4.3]:
Theorem 1.2. Let X be a smooth projective variety of Albanese fiber dimen-
sion one and of general type. Then the 4-canonical map ϕ|4KX | is birational.
In Section 2, we recall some definitions and results which will be used
in this paper. We will prove Theorem 1.1 in Section 3 and extend it to
non-general type case in Section 4. We then study pluricanonical maps of
varieties of Albanese fiber dimension 1 and prove Theorem 1.2 in Section 5.
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2. Notations and Preliminaries
In this section, we recall some notations and techniques that will be used
throughout the paper.
We will always denote by X a smooth complex projective variety and
aX : X → AX its Albanese morphism. If l = dimX − dimaX(X), then we
say that X is of Albanese fiber dimension l. In particuler, X is of Albanese
fiber dimension 0 if and only if X is of maximal Albanese dimension.
For an abelian variety A, we will frequently denote by Â = Pic0(A) the
dual abelian variety. Moreover, for a morphism t : A→ B between abelian
varieties, we will denote by t̂ : B̂ → Â the dual morphism between the dual
abelian varieties. By abuse of notation, we identify a point of Â with the
corresponding line bundle of A.
Let t : X → A be a morphism from X to an abelian variety and let F be
a coherent sheaf on X, we will denote by V i(F , t) = {P ∈ Â | hi(X,F ⊗
t∗P ) > 0} the i-th cohomological support locus of F . In particular, if
t = aX , we will simply denote V
i(F , aX ) by V
i(F ).
When F = ωX , we have the following important theorem of Green-
Lazarsfeld and Simpson (see [GL2, Theorem 0.1] and [Si, Theorem 4.2]):
Theorem 2.1. For any i ≥ 0, each irreducible component of V i(ωX , t) is a
torsion translate of a subtorus of Â.
We recall the following definitions due to Pareschi and Popa ([PP1] and
[PP2]).
Definition 2.2. Let F be a coherent sheaf on a smooth projective variety
Y .
(1) The sheaf F is said to be a GV -sheaf if codimV i(F ) ≥ i for all
i ≥ 0.
(2) If Y is an abelian variety, F is said to beM -regular if codimV i(F ) >
i for every i > 0.
Lemma 2.3. Assume that F is a GV -sheaf on a smooth projective va-
riety Y . Let W be an irreducible component of V 0(F ) such that k =
codimPic0(Y )W . Then W is also a component of V
k(F ). In particular,
dimX ≥ k.
Proof. Please see [PP2, Proposition 3.15]. 
The following definition is also introduced by Pareschi and Popa ([PP1,
Definition 2.10]).
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Definition 2.4. Let F be a coherent sheaf on a smooth projective variety
Y . We say F is continuously globally generated at y ∈ Y (in brief CGG at
y) if the nature map
⊕
P∈U
H0(Y,F ⊗ P )⊗ P∨ → F ⊗ C(y)
is surjective for any non-empty open subset U ⊂ Pic0(Y ).
We will need the following theorem ([PP1, Proposition 2.13]):
Theorem 2.5. Let F be a M-regular sheaf on an abelian variety A. Then
F is CGG at each point of A.
The following proposition is a slight generalization of [GL2, Theorem 0.1
(2)].
Proposition 2.6. Let α : X → A be a morphism from a smooth porjective
variety to an abelian variety such that dimX − dimα(X) = s. Assume that
V 0(ωX , α) has an irreducible component P0 + B̂ of codimension 0 ≤ k <∞
in Â, where P0 is a torsion point and B̂ is an abelian subvariety of Â. Then
there exists a commutative diagram
X
α
//
f

A
pi

XB
g
// B,
where π is the natural projection, f is a fibration and XB is a normal variety
of dimension dimX − s− k.
Proof. By assumption, P0 + B̂ is an irreducible component of V
0(ωX , α) =
V 0(α∗ωX). We know that α∗ωX is a GV -sheaf on A (see [H, Corollary 4.2]).
Hence by Lemma 2.3, P0 + B̂ is an irreducible component of V
k(α∗ωX).
Let X
h
−→ XA
t
−→ A (resp. XA
hB−−→ XB
g
−→ B) be the Stein factorization of
α (resp. the Stein factorization of the composition π ◦ t). We then have the
following commutative diagram
X
α
!!
❈❈
❈❈
❈❈
❈❈
❈
h

f

XA
t
//
hB

A
pi

XB
g
// B.
Since t is finite, Hk(A,α∗ωX ⊗ Q) = H
k(XA, h∗ωX ⊗ t
∗Q) 6= 0, for any
Q ∈ P0+ B̂. On the other hand, by Kolla´r’s theorem ([Kol2, Theorem 3.4])
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we have
hk(XA, h∗ωX ⊗ t
∗(P0 ⊗ P )) =
∑
i+j=k
hi(XB , R
jhB∗(h∗(ωX ⊗ P0))⊗ g
∗P )
6= 0,
for all P ∈ B̂. For all j ≥ 0, since P0 is a torsion line bundle, the
sheaves RjhB∗(h∗(ωX⊗P0)) areGV -sheaves (see [HP2, Theorem 2.2]), hence
RkhB∗(h∗(ωX ⊗ P0)) 6= 0. We conclude again by Kolla´r’s theorem ([Kol2,
Theorem 3.4]) that dimXA− dimXB ≥ k and hence the equality holds and
dimXB = dimX − s− k. 
3. Proof of Theorem 1.1
Lemma 3.1. Let Y be a smooth projective variety of general type and of
maximal Albanese dimension. Let t : Y → A be a morphism to an abelian
variety A of dimension ≥ 1 such that dimY − dim t(Y ) = 1. Then
dimV 0(ωY , t) ≥ 1,
where
V 0(ωY , t) := {P ∈ Â | H
0(Y, ωY ⊗ t
∗P ) 6= 0},
and dimV 0(ωY , t) is by definition the maximal dimension of an irreducible
component of V 0(ωY , t).
Proof. By the universal property of the Albanese moprhism aY , we have a
commutative diagram
Y
aY
//
t
  
❇❇
❇❇
❇❇
❇❇
AY
µ

A.
Since KY is an effective divisor (see [CH2, Lemma 3.1] or [JLT, Lemma
2.3]), we may assume that µ is surjective, otherwise ker(µ̂ : Â → ÂY ) is
contained in V 0(ωX , t) and is of dimension ≥ 1.
When µ is surjective, µ̂ : Â→ ÂX is an isogeny onto its image and
dimV 0(ωY , t) = dim(µ̂(Â) ∩ V
0(ωY )).
Hence if V 0(ωY ) = ÂY , Lemma 3.1 is clear. Otherwise, χ(Y, ωY ) = 0 and
V 0(ωY ) is a union of torsion translates of proper abelian subvarieties of ÂY
and dimV 0(ωY ) ≥ 1 (see [CH3, Theorem 1]).
Let K be the neutral component of the kernel of AY
µ
−→ A. We then have
the exact sequence
Â
µ̂
−→ ÂY ։ K̂.
Because an irreducible component of a general fiber of t is a smooth curve
of genus ≥ 2, hence for any P ∈ ÂY , t∗(ωX ⊗ P ) is a non-zero GV -sheaf
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on A by [H, Corollary 4.2]1. Therefore for any P ∈ ÂY , there exists a line
bundle P ′ ∈ Â such that
H0(Y, ωY ⊗ P ⊗ t
∗P ′) ≃ H0(A, t∗(ωY ⊗ P )⊗ P
′) 6= 0.
Hence the composition of morphisms V 0(ωY ) →֒ ÂY → K̂ is surjective.
There exists an irreducible component Q+B̂ of V 0(ωY ), where Q is a torsion
point of ÂY and B̂ is an abelian subvariety of ÂY , such that the composition
of the natural morphisms
Q+ B̂ →֒ ÂY → K̂
is surjective and then (Q+ B̂) ∩ µ̂(Â) is not empty.
If dimV 0(ωY , t) = 0, then
dim(µ̂(Â) ∩ V 0(ωY )) = 0.(1)
Hence
dim((Q+ B̂) ∩ µ̂(Â)) = 0,
and the projection Q + B̂ → K̂ is finite. Therefore, codim
ÂY
(Q + B̂) =
dim Â ≥ dimY − 1.
On the other hand, we know by the proof of Theorem 3 in [EL] that Q+B̂
is also an irreducible component of V dim Â(ωY ). Hence dim Â = dimY − 1
and the natural morphism AY
(p,µ)
−−−→ B ×A is an isogeny. We then consider
Y
pB
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
aY
// AY
p

µ
// A
B.
By Proposition 2.6, the image pB(Y ) is of dimension 1. We take the Stein
factorization of pB :
Y
γ
−→ Z → B.
Since a general fiber F of γ is of general type and (µ ◦ aY )|F : F → A is
generically finite over its image, by [CH3, Theorem 1], there exists a positive
dimensional component T ⊂ V 0(ωF , (µ ◦ aY )|F ). Moreover, if P ∈ T is a
torsion line bundle, γ∗(ωY/Z ⊗ a
∗
Y µ
∗P ) is a non-zero nef vector bundle on Z
(see [V2, Corollary 3.6] 2).
If Z is a smooth curve of genus ≥ 2, then by Riemann-Roch, we deduce
that
H0(Y, ωY ⊗ a
∗
Y µ
∗P ) 6= 0,
for any torsion line bundle P ∈ T . Hence by semi-continuity,
µ̂(T ) ⊂ µ̂(Â) ∩ V 0(ωY ) →֒ ÂY ,
1Hacon shows that t∗ωX is a GV -sheaf and the twisted version follows the same way
by combining [H, Theorem 1.2] and [Kol4, Corollary 10.15].
2This is stated there for P to be trivial, and the general case follows by the e´tale
covering trick.
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which contradicts (1).
If Z is an elliptic curve, then since Z generates B, Z is isogenous to B.
Then Q+ B̂ is an irreducible component of V 0(ωY ) of dimension 1. This is
impossible by Proposition 3.6 in [CDJ].
We then conclude the proof of Lemma 3.1. 
Proposition 3.2. Let X be a smooth projective variety of general type.
Assume that X is of Albanese fiber dimension 1. Then dimV 0(ωX) ≥ 1.
Proof. We take the Stein factorization of aX :
X
g

aX
""
❉❉
❉❉
❉❉
❉❉
W
f
// AX .
We denote dimX = n ≥ 2 and denote by m ≥ 2 the genus of a general fiber
of g.
Since X is of Albanese fiber dimension 1 and is of general type, aX∗ωX is
a non-zero coherent sheaf on AX and hence is a non-zero GV -sheaf by [H,
Corollary 4.2]. Hence by [H, Corollary 3.2], we have
V 0(aX∗ωX) ⊃ V
1(aX∗ωX) ⊃ · · ·V
n(aX∗ωX).
Therefore V 0(ωX) = V
0(aX∗ωX) 6= ∅ by [CH3, Lemma 2.1].
We then argue by contradiction. Assume that V 0(ωX) = V
0(aX∗ωX) is a
union of finite number of points. Since aX∗ωX is a GV -sheaf and V
0(aX∗ωX)
is a union of finite number of points, by [Mu, Example 3.2], aX∗ωX is a
homogeneous vector bundle on AX . Hence V
dimAX (aX∗ωX) 6= ∅, therefore
dimAX = dim aX(X) = n− 1.
There are three steps to deduce a contradiction.
First step, we claim that aX is a fibration. Hence f is an isomorphism
and R1aX∗ωX = OAX .
We take n− 2 general very ample divisors Hi, 1 ≤ i ≤ n− 2 on AX . Let
the smooth curve C be the intersection of Hi on AX . By performing a base
change via the morphism C →֒ AX to the above diagram, we have
XC
gC

hC
!!
❈❈
❈❈
❈❈
❈❈
WC
fC
// C.
By a Bertini type theorem (see [BS, Theorem 1.7.1]), both XC and WC are
smooth projective varieties. Then hC∗ωXC/C = aX∗ωX |C .
If deg f > 1, since aX is the universal morphism to an abelian variety, f
is ramified in codimension 1. Hence fC : WC → C is a ramified cover. We
know that gC∗ωXC/WC is a nef vector bundle on WC (see [V2]). Then by
Riemann-Roch, we conclude that
deg hC∗ωXC/C = deg fC∗
(
(gC∗ωXC/WC )⊗ ωWC/C
)
> 0
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which contradicts the fact that deg(aX∗ωX |C) = 0. We finish the proof of
the first step.
We then write aX∗ωX = ⊕
s
i=1VPi , where VPi is the tensor product of Pi ∈
Pic0(AX) with a unipotent vector bundle on AX and
∑s
i=1 rank(Vi) = m.
Notice that each Pi is a torsion line bundle (see [Si]).
Second step, we claim that Pi = OX for each i. In other words, each Vi
is a unipotent vector bundle.
We still argue by contradiction to prove this claim.
If there exists a non-trivial Pi, then H
n−1(AX ,VPi ⊗ P
∗
i ) 6= 0 and hence
Hn−1(X,ωX ⊗ P
∗
i ) 6= 0. Take the e´tale cover π : A˜X → AX induced by the
group generated by all Pj. Let πX : X˜ → X be the induced e´tale cover. We
notice that
q(X˜) = hn−1(X˜, ω
X˜
) ≥ hn−1(X,ωX) + h
n−1(X,ωX ⊗ P
∗
i ) > q(X).
We have the following commutative diagram:
X˜
a
X˜
		
τ
||①①
①①
①①
①①
①
piX
//
a˜X

X
aX

a
X˜
(X˜)
υ
""
❊❊
❊❊
❊❊
❊❊
❊m
M
||②②
②②
②②
②②
②
AX˜
µ
// A˜X
pi
// AX .
Since a˜X is a fibration, either τ is generically finite and X˜ is then of maximal
Albanese dimension, or τ is a fibration and υ is an isomorphism. The latter is
impossible, since a
X˜
(X˜) generates the whole abelian variety A
X˜
. In the first
case, X˜ is of maximal Albanese dimension and a˜X is surjective of relative
dimension 1. We then apply Lemma 3.1 and deduce that dimV 0(ω
X˜
, a˜X) ≥
1. This is impossible because dimV 0(ωX˜ , a˜X) = dimV
0(ωX) = 0.
We then conclude the proof of the second step.
In the last step, we are going to deduce a contradiction. Since Vi is a
unipotent vector bundle, hn−1(AX ,Vi) ≥ 1. We then have ([Kol2, Theorem
3.1])
n− 1 = hn−1(X,ωX) = h
n−1(AX , aX∗ωX) + h
n−2(AX , R
1aX∗ωX)
=
s∑
i=1
hn−1(AX ,Vi) + h
n−2(AX ,OAX )
≥ s+ n− 1,
which is impossible.
We then conclude the proof of Proposition 3.2. 
We are now able to prove a slightly more general version of Theorem 1.1:
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Theorem 3.3. Let X be a smooth projective variety of general type and
let α : X → A be a morphism to an abelian variety such that dimα(X) =
dimX − 1. Then the translates through 0 of all irreducible components of
V 0(ωX , α) generate Â.
Proof. By Theorem 2.1, we may write
V 0(ωX , α) = ∪i(Qi + B̂i),
where Qi ∈ Â is a torsion point and B̂i is an abelian subvariety of Â for
each i. Let T̂ →֒ Â be the abelian subvariety generated by all B̂i’s.
Assume that T̂ is a proper subvariety of Â. We consider the dual and get
F _

h
// K _
j

X
f
!!
❉❉
❉❉
❉❉
❉❉
❉
// α(X)

 
// A
p

f(X) 

// T.
Let F be an irreducible component of a general fiber of f , K be the translate
of the kernel of p containing α(F ), and h : F → K be the restriction of α
to F . Notice that dimF − dimh(F ) = 1. We now study the locus
V 0(ωF , h) := {P ∈ K̂ | H
0(F, ωF ⊗ h
∗P ) 6= 0}.
We know that for any P ∈ Â, f∗(ωX ⊗ P ) is a GV -sheaf (possible 0) on
T . Hence V 0(ωX , α) is mapped onto V
0(ωF , h) via the morphism Â
ĵ
−→ K̂.
Since T̂ is generated by all B̂i’s, for each irreducible component Qi + B̂i of
V 0(ωX , α), ĵ(Qi + B̂i) is a torsion point of K̂. Hence V
0(ωF , h) is a union
of finite number of points.
On the other hand, we consider
F
h
!!
aF
// AF pi
// K.
Since dimV 0(ωF , h) = 0, then π̂(K̂)∩V
0(ωF ) is a union of finite number of
points in ÂF and π̂ : K̂ → ÂF is an isogeny onto its image. By Proposition
3.2, π̂ is not surjective. Since an irreducible componenet of a general fiber
of h is a smooth projective curve of genus > 1, as we have seen in the proof
of Lemma 3.1, the composition of morphisms V 0(ωF ) →֒ ÂF → ÂF /π̂(K̂) is
surjective. Hence there exists a positive dimensional irreducible component
P0 + B̂ of V
0(ωF ) of codimension equal to dim π̂(K̂) ≥ dimF − 1.
If aF is generically finite, we can simply apply Lemma 3.1 to get a con-
tradiction. If F is of Albanese fiber dimension 1, we apply Proposition 2.6
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to conclude that the image of the natural morphism F
aF−−→ AF ։ B is a
point, which is impossible since aF is the Albanese morphism of F .
Hence T̂ = Â and we are done. 
For surfaces X of Albanese fiber dimension 1 and of general type, since
χ(X,ωX) > 0 (see [B, Theorem X.4]), we always have V
0(ωX , aX) = Pic
0(X).
In higher dimensions, we can construct varieties of Albanese fiber dimension
1 and of general type with V 0(ωX , aX) a proper subset of ÂX in the same
way as in the construction of Ein-Lazarsfeld threefold [EL, Example 1.13].
Example 3.4. Let Ci → Ei be ramified double covers over elliptic curves
Ei for i = 1, 2, with associated involutions ιi. Let C3 → P1 be a ramified
double cover, with associated involution ι3. Let X be a desingularization of
the quotient (C1 ×C2 ×C3)/(ι1, ι2, ι3). Hence X is of general type and the
natural morphism X → E1 × E2 is the Albanese morphism of X, hence X
is of Albanese fiber dimension 1. Moreover,
V 0(ωX , aX) = ({OE1} × Ê2) ∪ (Ê1 × {OE2}).
We can check that χ(X,ωX) = −(g(C1) − 1)(g(C2) − 1) < 0, while the
holomorphic Euler characteristic is always ≥ 0 for varieties of maximal Al-
banese dimension ([GL1]). Furthermore, we see that the intersection of the
two irreducible components of V 0(ωX) is 0, while we know that if Y is a
variety of general type and of maximal Albanese dimension, then the inter-
section of any two maximal components of V 0(ωY ) is of dimension ≥ 1 ([J2,
Proposition 1.7]).
4. Non-general type case
4.1. In this subsection, we assume that X is a smooth projective variety
of Kodaira dimension κ(X) ≥ 0 and α : X → A is a morphism from X to
an abelian variety. We denote by IX : X → I(X) a model of the Iitaka
fibration of X with I(X) a smooth projective variety. Let F be a general
fiber of IX . Then F is a smooth projective variety of Kodaira dimension
0. By Kawamata’s theorem ([Kaw, Theorem 1]), α(F ) is a translate of an
abelian subvariety K of AX (independent of the choice of F ).
We consider the following commutative diagram:
X
α
//
IX

A
pr

I(X)
αI
// A/K.
The following lemma is probably known to experts, but for lack of references,
we give a proof here.
Lemma 4.1. For any irreducible component Q + B̂ of V 0(ωX , α), where
Q is a torsion point of Â and B̂ is an abelian subvariety of Â, we have
B̂ ⊂ p̂r(Â/K). In particular, if the translates through 0 of all irreducible
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components of V 0(ωX , α) generate Â, then α factors through the Iitaka fi-
bration IX of X.
Proof. We argue by contradiction. We consider the exact sequence
0→ Â/K
p̂r
−→ Â
λ
−→ K̂ → 0.
For a general fiber F of IX , we notice that λ(V
0(ωX , α)) ⊂ V
0(ωF , α|F ).
If there exists an irreducible component Q + B̂ of V 0(ωX , α) such that
B̂ * p̂r(Â/K), then λ(B̂) is a positive dimensional abelian subvareity of
K̂. Hence V 0(ωF , α|F ) ⊃ λ(Q) + λ(B̂) has positive dimension. Moreover,
we know by Kawamata’s theorem ([Kaw, Theorem 1]) that α|F : F → α(F )
is an algebraic fiber space. Hence the natural morphism
(α|F )
∗ : Pic0(α(F )) = K̂ → Pic0(F )
is an embedding. Let M ≥ 1 be the order of λ(Q) in K̂. Then by repeating
Clifford’s lemma (see for instance [HP1, Lemma 2.14]), we have
P2M (F ) = dimH
0(F, ω2MF ) ≥ (2M − 1) dim λ(B̂) + 1 > 1,
which contradicts the fact that κ(F ) = 0. 
Now if dimα(X) = dimX − 1, we can prove the following much more
stronger theorem by induction of dimensions. The proof is very similar to
the proof of Theorem 3.3 and we leave it to interested readers.
Theorem 4.2. Under the above setting, the translates through 0 of all irre-
ducible components of V 0(ωX , α) generate p̂rÂ/K.
4.2. Surfaces of Albanese fiber dimension 1 and of Kodaira dimension 0
are called hyperelliptic surfaces. They are completely classified: there are
seven families of hyperelliptic surfaces (see [B, Chapter VI]). In higher di-
mensions, it was proved by Kawamata ([Kaw, Theorem 15]) that a variety
of Albanese fiber dimension 1 and of Kodaira dimension 0 is birationally an
e´tale fiber bundle over its Albanese variety. It is interesting to observe that
the elementary method which we use to prove Proposition 3.2 gives an easy
proof of this fact and it does not rely on the difficult addition theorem of
Viehweg ([V1, Theorem I]).
Lemma 4.3. Let F be a smooth projective variety of Albanese fibre dimen-
sion 1 and of Kodaira dimension 0. Then there exists an abelian variety B,
and an elliptic curve E such that F is birational to (B × E)/H, where H
is a group of translations of B acting on E such that E/H = P1. See below
the classification of H.
Proof. Since F is a smooth projective variety of Albanese fibre dimension 1
and of Kodaira dimension 0, the Albanese morphism aF of F is an algebraic
fiber space (see [Kaw, Theorem 1]) and a general fiber of aF is a curve of
genus 1. We then consider the rank 1 sheaf aF∗ωF . Since dimV
0(aF∗ωF ) =
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dimV 0(ωF , aF ) = 0 and aF∗ωF is a GV -sheaf on AF , we conclude that
aF∗ωF = P is a torsion line bundle on AF .
Let n = dimF , then q(F ) = dimAF = n − 1. Moreover q(F ) =
hn−1(AF , aF∗ωF )+h
n−2(AF , R
1aF∗ωF ) = h
n−1(AF , aF∗ωF )+n− 1. Hence
P 6= OF . Let G be the subgroup of ÂF generated by P . Then by consid-
ering the e´tale cover π : F˜ → F induced by G, we find that q(F˜ ) = n. We
now consider the Albanese morphism aF˜ : F˜ → AF˜ , which is naturally G-
equivariant. Since the Kodaira dimension of F˜ is also 0, by [Kaw, Theorem
1], we know that F˜ is birational to its Albanese variety AF˜ . Therefore G
also acts faithfully on AF˜ . Considering the following commutative diagram
F˜
pi
//
a
F˜

F
τ

AF˜
pi
// F ′ := AF˜ /G,
since both π and π˜ are of degree |G| and a
F˜
is birational, τ is also a
birational morphism. Notice that F ′ = AF˜ /G has at worst quotient sin-
gularities. Hence τ induces an isomorphism π1(F ) → π1(F
′) (see [Kol3,
Theorem 7.8]) and we have
π1(F
′)/τ∗π∗
(
π1(F˜ )
)
≃ π1(F )/π∗
(
π1(F˜ )
)
≃ G.
Then the morphism τ ◦ π : F˜ → F ′ factors through the e´tale cover
π˜′ : F˜ ′ → F ′
induced by the quotient π1(F
′)/τ∗π∗
(
π1(F˜ )
)
≃ G.
Hence by the universal property of the Stein factorization of τ ◦ π, we
conclude that A
F˜
≃ F˜ ′ and π˜ is an e´tale morphism. Therefore F ′ is a
smooth projective variety and is a good minimal model of F .
Now we may and will assume that F˜ ≃ AF˜ and F ≃ F
′. Since the
composition of morphisms
F˜
pi
−→ F
aF−−→ AF
is a quotient of abelian varieties and π is an e´tale morphism, aF is a smooth
morphism. Hence by [B, Proposition VI.8] 3, there exists an e´tale cover
B → AF and an elliptic curve E such that F ≃ (B ×E)/H, where H is the
Galois group of B → AF . Moreover, by the same proof of [B, Lemma VI.10],
we may assume that H acts on B ×E diagonally. If q(F ) = dimF − 1 ≥ 2,
the action of H on E is one of the following (by the same method of [B, List
VI.20]):
(1) H = Z/2Z acting on E by symmetry;
3We notice that [B, Proposition VI.8] applies directly when AF is an elliptic curve and
the same proof works when AF is an abelian variety.
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(2) H = Z/2Z × Z/2Z acting on E by x → −x, x → x + ǫ (ǫ ∈ E2,
where E2 is the group of points of E of order 2);
(3) H = Z/2Z × Z/2Z × Z/2Z acting on E by x → −x, x → x + ǫ1,
x→ x+ ǫ2 (ǫ1, ǫ2 ∈ E2);
(4) H = Z/4Z acting on E = Ei := C/(Z ⊕ Zi) by x→ ix;
(5) H = Z/4Z× Z/2Z acting on E = Ei by x→ ix, x→ x+ 1+i2 ;
(6) H = Z/3Z acting on E = Eρ := C/(Z ⊕ Zρ) (where ρ3 = 1) by
x→ ρx;
(7) H = Z/3Z× Z/3Z acting on E = Eρ by x→ ρx, x→ x+
1−ρ
3 ;
(8) H = Z/3Z×Z/3Z×Z/3Z acting on E = Eρ by x→ ρx, x→ x+
1−ρ
3 ,
x→ x− 1−ρ3 ;
(9) H = Z/6Z acting on E = Eρ by x→ −ρx.
We notice that the cases (3) and (8) do not occur when dimF = 2.

5. Pluircanonical maps
In this section we deduce from Theorem 1.1 a quick proof of the birational-
ity of the 4-canonical map of varieties of general type and of Albanese fibre
dimension 1, which generalizes a result of Chen and Hacon [CH4, Corollary
4.3]. We use the strategy described in [PP2, Section 6], which is used by the
authors of [J1] and [Ti] to study pluricanonical maps of varieties of maximal
Albanese dimension.
Throughout this section we will always denote by the following commu-
tative diagram
X
f

aX
!!
❈❈
❈❈
❈❈
❈❈
Y
t
// AX
(2)
a modification of the Stein factorization of the Albanese morphism of X
such that Y is a smooth projective variety. We denote by F a general fiber
of f and, for a point z ∈ Y , we denote by Fz the fiber of f over z. We
will say the Iitaka model of (X,KX ) dominates Y if there exists an integer
M > 0 and an ample divisor A on Y such that H0(X,MKX − f
∗A) 6= 0
(see [M, Proposition 1.14]).
Lemma 5.1. Assume that X is a smooth projective variety and the Iitaka
model of (X,KX ) dominates Y . Assume that KF is semiample. Then the
co-support of the multiplier ideal J (||kKX ||) is disjoint from a general fiber
F for any k ≥ 1.
Proof. For simplicity we let k = 1. The argument works for all k ≥ 1.
Since the Iitaka model of (X,KX) dominates Y , we can take an ample
divisor A on Y and an integer M > 0 such that there exists an effective
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divisor D ∈ |MKX−f
∗A|. By the subadditivity theorem (see [La, Corollary
11.2.4]), we have
J (||KX ||)
m ⊃ J (||mKX ||),
for any integer m > 0. Therefore we have for any m > M
J (||KX ||)
m ⊃ J (||mKX ||) = J (||(m−M)KX + f
∗A+D||)
⊃ J (||(m−M)KX + f
∗A||)⊗ OX(−D).
On the other hand, Viehweg’s weak positivity theorem (see [V1, Theorem
III]) implies that for N ≫ 0, the restriction
H0(X,OX(N(m−M)KX/Y +Nf
∗A)→ H0(F,OF (N(m−M)KF )
is surjective. Since Y is of maximal Albanese dimension, KY is an effective
divisor. Thus for all N ≫ 0 the restriction
H0(X,OX(N(m−M)KX +Nf
∗A)→ H0(F,OF (N(m−M)KF )
is surjective.
Therefore we conclude by [La, Theorem 9.5.35] that for a general fiber F ,
J (||(m−M)KX + f
∗A||) |F= J (||(m −M)KF ||) ≃ OF ,
where the last isomorphism holds because KF is semiample.
Combining all the isomorphisms, we get J (||KX ||)
m |F⊃ OF (−D) for
all m > M . Hence J (||KX ||) |F= OF and the co-support of the multiplier
ideal J (||KX ||) is disjoint from a general fiber F . 
We employ a trick of Tirabassi ([Ti]) to show that
Proposition 5.2. Under the setting of diagram (2), we assume moreover
that
1) 2KF is globally generated;
2) the translates through 0 of all irreducible components of V 0(ωX) gen-
erate Pic0(X);
then there exists an open dense subset U of X such that for any x ∈ U , the
sheaf
aX∗(Ix ⊗ OX(2KX)⊗J (||ωX ||))
is M -regular.
Proof. We notice that 1) implies that KF is semiample and, by Lemma
4.1, 2) implies that the Iitaka model of (X,KX ) dominates Y . Hence we
conclude by Lemma 5.1 that the co-support of J (||ωX ||) does not dominate
Y . Hence there exists an open dense subset Y0 of Y such that V := f
−1Y0 is
disjoint from the co-support of J (||ωX ||), f : V → Y0 is smooth, t is finite
on Y0, and 2KF is globally generated for any fiber F of f over Y0. Then for
any x ∈ V , we have an exact sequence
0→ aX∗(Ix ⊗ OX(2KX)⊗J (||ωX ||))→ aX∗(OX(2KX )⊗J (||ωX ||))
→ CaX(x) → 0.
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By a variant of Nadel vanishing theorem (see [Kol4, 10.15] or [J3, Lemma
2.1]), we have H i(AX , aX∗(OX(2KX )⊗J (||ωX ||))⊗ P ) = 0, for any i ≥ 1
and P ∈ Pic0(AX). Hence, to conclude the proof of the proposition, all we
need to prove is that
codimÂX
(
V 1(aX∗(Ix ⊗OX(2KX)⊗J (||ωX ||)))
)
≥ 2.
We observe from the above exact sequence that for x ∈ V ,
V 1(aX∗(Ix ⊗ OX(2KX )⊗J (||ωX ||))) = {P ∈ ÂX | x ∈ Bs(|2KX + P |)}.
Now we write
V 0(ωX , aX) = ∪i(Qi + B̂i).
Let
V ′ = X
⋃
i
∩P∈Qi+B̂i Bs(|KX + P |).
Then for each x ∈ V ′, we can choose an open dense subset Ui of Qi+ B̂i for
each i such that for any P ∈ ∪iUi, x is not a base point of |KX +P |. Then,
x is not a base point of |2KX+Q|, for any Q ∈
⋃
i(Ui+Ui) =
⋃
i(2Qi+ B̂i).
Let U = V ∩ V ′. We then conclude that for any x ∈ U ,
V 1(aX∗(Ix ⊗ OX(2KX)⊗J (||ωX ||))) ∩
⋃
i
(2Qi + B̂i) = ∅.
According to hypothesis 2), all the B̂i’s generate the whole abelian variety
ÂX , hence we have (see for instance [Ti, Lemma 2])
codimÂX
(
V 1(aX∗(Ix ⊗OX(2KX)⊗J (||ωX ||)))
)
≥ 2.

Now we are ready to prove the following theorem, which is slightly more
general than Theorem 1.2.
Theorem 5.3. Let X be a smooth projective variety of general type and of
Albanese fiber dimension 1. Then, for any P ∈ Pic0(X), the map ϕ4KX+P
induced by the linear system |4KX + P | is a birational map of X.
Proof. We use the setting of diagram (2).
By Proposition 5.2, we can take an open dense subset U of Y and an open
dense subset V ⊂ f−1U such that f−1U is disjoint from the co-support of
J (||ωX ||), f : f
−1U → U is smooth, t is finite on U , and for any x ∈ V ,
aX∗(Ix ⊗ ω
2
X ⊗J (||ωX ||)) is M -regular and thus is continuously globally
generated on AX by Theorem 2.5.
Any fiber F of f over U is a smooth projective curve of genus g := g(F ) ≥
2. We notice that |2KF | induces an isomorphism of F if g ≥ 3, and if g = 2,
then F is a hyperelliptic curve with hyperelliptic involution τF and the linear
system |2KF | induces the quotient morphism of F by τF .
We see from the choice of U that, for any t ∈ U , the natural map
f∗(OX(2KX )⊗J (||ωX ||))⊗Ct → H0
(
Ft,OX(2KX )⊗J (||ωX ||)
)
≃ H0(Ft, ω
2
Ft)
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is an isomorphism.
For two different points x, y ∈ V , we denote respectively by Ff(x) and
Ff(y) the fibers of f over f(x) and f(y).
By pushing forward via f the following short exact sequence:
0→ Ix,y ⊗ ω
2
X ⊗J (||ωX ||)→ Ix ⊗ ω
2
X ⊗J (||ωX ||)→ Cy → 0,
we get the long exact sequence:
(3) 0→ f∗(Ix,y ⊗ ω
2
X ⊗J (||ωX ||))→ f∗(Ix ⊗ ω
2
X ⊗J (||ωX ||))
mx,y
−−−→ f∗Cy ≃ Cf(y) → · · ·
Step 1. For any two different points x, y ∈ V , mx,y is surjective, unless
g = 2, f(x) = f(y), and y = τFf(x)(y).
The argument to prove the claim is contained in ([CH4, Step 2 of the
proof of Theorem 4.2]). For reader’s convenience, we repeat it here.
If f(x) 6= f(y), then
f∗(Ix ⊗ ω
2
X ⊗J (||ωX ||))⊗ Cf(y) ≃ H
0(Ff(y), ω
2
Ff(y)
).
Since ω2Ff(y) is base point free, mx,y is surjective.
If f(x) = f(y), we denote by t = f(x) and notice that
f∗(Ix ⊗ ω
2
X ⊗J (||ωX ||)) ⊗ Ct
= ker
(
f∗(OX(2KX)⊗J (||ωX ||))⊗ Ct ≃ H0(Ft, ω2Ft)
evx−−→ Cx
)
,
and
f∗(Ix,y ⊗ ω
2
X ⊗J (||ωX ||)) ⊗ Ct
= ker
(
f∗(OX(2KX)⊗J (||ωX ||))⊗Ct ≃ H0(Ft, ω2Ft)
(evx,evy)
−−−−−→ Cx⊕Cy
)
.
If g ≥ 3 or g = 2 and τFt(x) 6= y, the linear system |2KFt | separates x and
y and hence (evx, evy) is surjective. Thus the inclusion
f∗(Ix,y ⊗ ω
2
X ⊗J (||ωX ||))⊗ Ct →֒ f∗(Ix ⊗ ω
2
X ⊗J (||ωX ||))⊗ Ct
is strict. Hence mx,y is again surjective.
Step 2. If g ≥ 3, ϕ4KX+P is birational for any P ∈ Pic
0(X).
Since g ≥ 3, for any two different points x, y ∈ V , we have by Step 1 the
following short exact sequence:
0→ f∗(Ix,y ⊗ ω
2
X ⊗J (||ωX ||))→ f∗(Ix ⊗ ω
2
X ⊗J (||ωX ||))
mx,y
−−−→ Cf(y) → 0.
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Notice that t is finite on U and aX = t ◦ f . Hence we have the following
short exact sequence on AX :
(4) 0→ aX∗(Ix,y ⊗ ω
2
X ⊗J (||ωX ||))→ aX∗(Ix ⊗ ω
2
X ⊗J (||ωX ||))
evx,y
−−−→ CaX(y) → 0.
Because aX∗(Ix⊗ω
2
X⊗J (||ωX ||)) is continuously globally generated, there
exists an open dense subset Ux,y of Pic
0(X) such that for any Q ∈ Ux,y the
map
H0(AX , aX∗(Ix ⊗ ω
2
X ⊗J (||ωX ||))⊗Q)
evx,y
−−−→ CaX(y)
is surjective. In other words, for any Q ∈ Ux,y, there exists a global section
sQ ∈ H
0(AX , aX∗(Ix ⊗ ω
2
X ⊗J (||ωX ||))⊗Q)
≃ H0(X,Ix ⊗ ω
2
X ⊗J (||ωX ||)⊗Q)
⊂ H0(X,Ix ⊗ ω
2
X ⊗Q),
which does not vanish at y, and hence the divisor DQ ∈ |2KX +Q| defined
by sQ passes through x but does not pass through y. Therefore, for any
P ∈ Ux,y + Ux,y = Pic
0(X), the linear system |4KX + P | separating x and
y. The map ϕ4KX+P is an injective morphism on V and we are done.
Step 3. If g = 2, ϕ4KX+P is also birational for any P ∈ Pic
0(X).
Since g = g(F ) = 2, the generic fiber of f is a hyperelliptic curve. Hence
there exists a birational involution τ of X inducing τF in a general fiber
F . After birational modifications of X (see for instance [Pr, 4.2]), we may
assume that τ is a biregular involution of the smooth projective variety X.
Then each connected component of the fixed loci of τ is smooth. After
blowing-up the fixed loci of τ , we may assume that each connected compo-
nent of the fixed loci of τ is a smooth divisor of X and hence Z := X/〈τ〉
is also smooth. We choose U and V as before. Moreover, we may assume
that τ(V ) = V . Now we have the commutative diagram
X
ϕ
//
f
  
❅❅
❅❅
❅❅
❅❅
Z
g

Y,
where ϕ is the quotient morphism induced by τ .
By Step 1, for two points x, y ∈ V with τ(x) 6= y, mx,y in the long exact
sequence (3) is surjective. Hence the arguments in Step 2 show that ϕ4KX+P
separates any two different points x, y ∈ V with τ(x) 6= y.
Therefore ϕ factors birationally through ϕ4KX+P and degϕ4KX+P ≤ 2.
In order to finish the proof, we just need to prove that ϕ4KX+P does not
factor birationally through ϕ.
Because τ induces the hyperelliptic involution on a general fiber of f , a
general fiber L of g is isomorphic to P1. Since ϕ is a finite morphism of
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degree 2 between smooth projective varieties, there exists a divisor D on Z
such that
ϕ∗OX = OZ ⊕ OZ(−D),(5)
ωX = ϕ
∗(ωZ ⊗ OZ(D)).
Moreover, deg(D|L) = 3.
By (5), we have
ϕ∗OX(4KX ) = OZ(4KZ + 4D)⊕ OZ(4KZ + 3D),
where OZ(4KZ + 4D) (resp. OZ(4KZ + 3D)) is the τ -invariant part (resp.
τ -anti-invariant part) of ϕ∗OX(4KX ). Then there exist ideal sheaves I1
and I2 on Z such that
ϕ∗
(
OX(4KX)⊗J (||3KX ||)
)
=
(
OZ(4KZ + 4D)⊗I1
)
⊕
(
OZ(4KZ + 3D)⊗I2
)
.
Because deg(ωZ |L) = −2, both g∗(OZ(4KZ+4D)) and g∗(OZ(4KZ+3D))
are nonzero torsion-free sheaves on Y . Since the co-support of J (||3KX ||)
does not dominate Y , the sheaves g∗
(
OZ(4KZ+4D)⊗I1
)
and g∗
(
OZ(4KZ+
3D)⊗I2
)
are also nonzero. Thus, since
t∗f∗
(
OX(4KX)⊗J (||3KX ||)
)
is an IT 0 sheaf on AX , we conclude that the sheaves
t∗g∗
(
OZ(4KZ + 4D)⊗I1
)
and t∗g∗
(
OZ(4KZ + 3D)⊗I2
)
are nonzero IT 0 sheaves on AX .
Therefore, for any P ∈ ÂX , H
0(Z,OZ(4KZ + 3D) ⊗ P ) 6= 0. Because
OZ(4KZ+3D)⊗P is the τ -anti-invariant part of ϕ∗OX(4KX)⊗P , a nonzero
global section of OZ(4KZ + 3D) ⊗ P separates x and τ(x), for x ∈ V gen-
eral. Thus ϕ4KX+P does not factor birationally through ϕ and ϕ4KX+P is
birational. 
Remark 5.4. It is well-known that the tricanonical map of a smooth pro-
jective curve of genus ≥ 2 is an isomorphism. Recently, the authors of [JLT]
have shown that the tricanonical map is birational for a variety of maximal
Albanese dimension and of general type. These lead the authors to believe
that the tricanonical map of a variety of Albanese fiber dimension 1 and of
general type is also birational.
By the same method in the proof of Theorem 5.3, it is quite easy to show
that the tricanonical map is birational if V 0(ωX) = Pic
0(X). Hence it leaves
to analyse the case when V 0(ωX) 6= Pic
0(X). One might want to mimic the
argument in [JLT]. For each irreducible component P + B̂ of V 0(ωX) of
codimension k in Pic0(X), we do have a natural fibration by Proposition
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2.6:
X
f

aX
""
❉❉
❉❉
❉❉
❉❉
Y
t
//
fB

AX

XB // B,
where XB is of dimension dimX − k − 1. The problem here is that we
don’t have a good geometric explanation for the existence of P + B̂ unlike
the irreducible component of V 0 of a variety of maximal Albanese dimension
(see [CDJ, Theorem 3.1]). But the sheaf RkfB∗(f∗ωX⊗P ) does have certain
positive properties over XB and may be crucial to a proof of the birationality
of the tricanonical map.
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